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Upgraded August 15, 2006

This collection of identities is an upgraded Appendix A of the book Differential Forms
in Electromagnetics, (Wiley and IEEE Press, 2004) by this author. Notation follows that
of the book. Where not otherwise stated, n is the dimension of the vector space and p, q
are numbers in the range 0...n.

Notation

vectors a,b, c, ... ∈ E1, dual vectors α, β, γ, ... ∈ F1

bivectors A,B,C, ... ∈ E2, dual bivectors Φ,Ψ,Γ, ... ∈ F2

p−vectors ap,bp, ... ∈ Ep, dual p−vectors αp, βp, ... ∈ Fp

p−index J = i1i2 · · · ip, N = 123 · · ·n, aN = a1 ∧ a2 · · · ∧ an ∈ En

dimension of p − vectors Cn
p =

n!

p!(n − p)!
= Cn

n−p

vector basis e1, e2, ..., en ∈ E1, reciprocal dual − vector basis ε1, ε2, ..., εn ∈ F1

dyadics A, B, ... ∈ E1F1, AT , BT , ... ∈ F1E1

metric dyadics A, B, ... ∈ E1E1, Γ, Π, ... ∈ F1F1

Multivectors

Multiplication

ap|αp = αp|ap ∈ E0

ap ∧ bq = (−1)pqbq ∧ ap ∈ Ep+q, = 0 for p + q > n

p > q, apbαq = (−1)q(p−q)αqcap ∈ Ep−q

p = q + r, (apbαq)|βr = ap|(αq ∧ βr)

p > q + r, (apbαq)bβr = apb(αq ∧ βr)

1



Reciprocal bases

ei|εj = εj|ei = δij

eK(i) = e1 ∧ e2 ∧ · · · ∧ ei−1 ∧ ei+1 ∧ · · · ∧ en ∈ En−1

eK(ij) = e1 ∧ e2 ∧ · · · ∧ ei−1 ∧ ei+1 ∧ · · · ∧ ej−1 ∧ ej+1 ∧ · · · ∧ en ∈ En−2

eN = e1 ∧ · · · ∧ en = (−1)i−1ei ∧ eK(i) = (−1)n−ieK(i) ∧ ei

eNbεi = (−1)i−1eK(i), eNbεK(i) = (−1)n−iei

eNbεij = (−1)i+j−1eK(ij), eNbεK(ij) = (−1)i+j−1eij

(αceN) ∧ a = (α|a)eN ,

eNb(apcεN) = ap, eNb(εNbap) = (−1)p(n−p)ap

n = 4, eNb(ε123bap) = ap ∧ e4, p < 3

n = 4, eNb(acΦ) = −a ∧ (eNbΦ), Φ ∈ F2

n = 4, eNb(εi ∧ α) = (−1)i−1eK(i)bα

Bivector products

(a ∧ b)|(α ∧ β) = (a|α)(b|β) − (a|β)(b|α)

(a ∧ b)|(α ∧ β) = a|{bc(α ∧ β)} = {(a ∧ b)bα}|β

(a ∧ b)bα = b(a|α) − a(b|α) = (ba− ab)|α = −αc(a ∧ b)

α ∧ (ac(β ∧ γ)) = −(ac(β ∧ γ)) ∧ α = ac(α ∧ β ∧ γ) − (a|α)(β ∧ γ)

Bac cab rules

αc(b ∧ c) = b(α|c) − c(α|b) = (c ∧ b)bα

αc(b ∧C) = b ∧ (αcC) + C(α|b) = (C ∧ b)bα, C ∈ E2

αc(B ∧C) = B ∧ (αcC) + C ∧ (αcB) = −(B ∧C)bα, B,C ∈ E2

Ac(β ∧ Γ) = β(A|Γ) + Γb(Abβ), A ∈ E2,Γ ∈ F2

αc(bp ∧ cq) = bp ∧ (αccq) + (−1)pqcq ∧ (αcbp)

(α ∧ β)c(B ∧C) = B(α ∧ β)|C + C(α ∧ β)|B + (βcB) ∧ (αcC) + (βcC) ∧ (αcB)

(α ∧ β)c(bp ∧ cq)

= (bpb(α ∧ β)) ∧ cq + bp ∧ ((α ∧ β)ccq) + (αcbp) ∧ (cqbβ) − (βcbp) ∧ (cqbα)
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Trivector products

(a ∧ b ∧ c)|(α ∧ β ∧ γ) = ((a ∧ b ∧ c)bα)|(β ∧ γ) = α|((a ∧ b ∧ c)b(β ∧ γ))

= α|(a(b ∧ c) + b(c ∧ a) + c(a ∧ b))|(β ∧ γ)

= (a|α)(b ∧ c)|(β ∧ γ) − (ac(β ∧ γ))|(αc(b ∧ c))

(a ∧C)|(α ∧ Γ) = (a|α)(C|Γ) − (acΓ)|(αcC)

(a ∧ b ∧ c)bα = {(a ∧ b)c + (b ∧ c)a + (c ∧ a)b}|α

(a ∧ b ∧ c)bΓ = {a(b ∧ c) + b(c ∧ a) + c(a ∧ b)}|Γ

n = 4, α ∧ (γbA) = (αcA)cγ + (α ∧ γ)bA, γ ∈ F3, A ∈ E2

n = 4, α ∧ (εNbk) = εNb(αck), k ∈ E3

Quadrivector products

(a ∧ b ∧ c ∧ d)|(α ∧ β ∧ γ ∧ δ) = ((a ∧ b ∧ c ∧ d)bα)|(β ∧ γ ∧ δ)

= α|(a(b ∧ c ∧ d) − b(c ∧ d ∧ a) + c(d ∧ a ∧ b) − d(a ∧ b ∧ c))|(β ∧ γ ∧ δ)

(a ∧ b ∧ c ∧ d)bα = d ∧ ((b ∧ c)a + (c ∧ a)b + (a ∧ b)c)|α − (a ∧ b ∧ c)(d|α)

(a ∧ b ∧ c ∧ d)b(β ∧ γ ∧ δ) =

= (((a(b ∧ c + b(c ∧ a) + c(a ∧ b)) ∧ d− d(a ∧ b ∧ c))|(β ∧ γ ∧ δ)

(a ∧ b ∧ c ∧ d)|(α ∧ β ∧ γ ∧ δ) = (γ ∧ δ)|((a ∧ b ∧ c ∧ d)b(α ∧ β))

= (γ ∧ δ)|((a ∧ b)(c ∧ d) − (a ∧ c)(b ∧ d) + (a ∧ d)(b ∧ c)

+(b ∧ c)(a ∧ d) − (b ∧ d)(a ∧ c) + (c ∧ d)(a ∧ b))|(α ∧ β)

(a ∧ b ∧ c ∧ d)b(α ∧ β) = (((b ∧ c)a + (c ∧ a)b + (a ∧ b)c) ∧ d)|(α ∧ β)

−(d ∧ (a(b ∧ c) + b(c ∧ a) + c(a ∧ b)))|(α ∧ β)

Special cases for n = 3

a(b ∧ c ∧ d) − b(c ∧ d ∧ a) + c(d ∧ a ∧ b) − d(a ∧ b ∧ c) = 0

(a(b ∧ c) + b(c ∧ a) + c(a ∧ b)) ∧ d = d(a ∧ b ∧ c)

((a ∧ b)c + (c ∧ a)b + (b ∧ c)a) ∧ d = d ∧ (a(b ∧ c) + b(c ∧ a) + c(a ∧ b))

((a ∧ b)cκ) ∧ ((b ∧ c)cκ) = (bcκ)((a ∧ b ∧ c)|κ), κ ∈ F3

Quintivector products

αc(a ∧ b ∧ c ∧ d ∧ e) = α|(a(b ∧ c ∧ d ∧ e) − b(a ∧ c ∧ d ∧ e)

+c(a ∧ b ∧ d ∧ e) − d(a ∧ b ∧ c ∧ e) + e(a ∧ b ∧ c ∧ d))

= (αc(a ∧ b ∧ c)) ∧ (d ∧ e) + (a ∧ b ∧ c) ∧ (αc(d ∧ e))
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Special cases for n = 4

a(b ∧ c ∧ d ∧ e) − b(a ∧ c ∧ d ∧ e) + c(a ∧ b ∧ d ∧ e)

−d(a ∧ b ∧ c ∧ e) + e(a ∧ b ∧ c ∧ d) = 0

(((a(b ∧ c) + b(c ∧ a) + c(a ∧ b)) ∧ d) − d(a ∧ b ∧ c)) ∧ e + e(a ∧ b ∧ c ∧ d) = 0

(αc(a ∧ b ∧ c)) ∧ (d ∧ e) = −(a ∧ b ∧ c) ∧ (αc(d ∧ e))

p-vector rules

(a1 ∧ a2 ∧ · · · ∧ ap)bα = (−1)p−1αc(a1 ∧ a2 ∧ · · · ∧ ap) = α|
p∑

i=1

(−1)i−1aiaKp(i)

= α|(a1aKp(1) − a2aKp(2) + · · · + (−1)p−1apaKp(p)), 2 ≤ p ≤ n

aKp(i) = a1 ∧ · · · ∧ ai−1 ∧ ai+1 ∧ · · · ∧ ap

(apcεN)|(αpceN) = ap|αp

Dyadics

Basic rules

aα ∈ E1F1, ab ∈ E1E1, (aα)T = αa ∈ F1E1, αβ ∈ F1F1

A =
∑

aiαi = a1α1 + a2α2 + · · · + anαn

A|a = a|AT , A|B =
∑

aiαi|
∑

bjβj =
∑
i,j

(αi|bj)aiβj

I =
∑

eiεi, I|A = A|I = A

(A|B)|C = A|(B|C), Ap = A|Ap−1, A0 = I

Double-bar products

(aα)||(bβ)T = (aα)||(βb) = (a|β)(b|α)

tr A = tr
∑

aiαi =
∑

ai|αi = A||IT

A||BT = B||AT = tr(A|B) = (A|B)||IT
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Double-wedge products

(aα)∧∧(bβ) = (a ∧ b)(α ∧ β), (ab)∧∧(cd) = (a ∧ c)(b ∧ d)

A∧
∧B = B∧

∧A, (A∧
∧B)T = AT∧

∧BT

(A∧
∧B)∧∧C = A∧

∧(B∧
∧C) = A∧

∧B∧
∧C = B∧

∧A∧
∧C = · · ·

(A∧
∧B)|(a ∧ b) = (A|a) ∧ (B|b) + (B|a) ∧ (A|b)

(A∧
∧B)ba = (A|a) ∧ B + (B|a) ∧ A

ac(A∧
∧B) = A ∧ (a|B) + B ∧ (a|A)

Double-wedge powers

A(2) =
1

2
A∧
∧A =

1

2

∑
aiαi

∧
∧

∑
ajαj =

∑
i<j

(ai ∧ aj)(αi ∧ αj) =
∑
i<j

aijαij

A(p) =
1

p!
A∧
∧A∧

∧ · · · ∧∧A =
r!s!

p!
A(r)∧

∧A(s), r + s = p

A(n) = aNαN = a123···nα123···n = (aN |αN)eNεN = (det A)I(n)

(A|a) ∧ (A|b) = A(2)|(a ∧ b)

(A|a1) ∧ (A|a2) · · · ∧ (A|ap) = A(p)|(a1 ∧ a2 ∧ · · · ∧ ap)

A(2)ba = (A|a) ∧ A, αcA(2) = A ∧ (α|A)

A(3)b(a ∧ b) = (A|a) ∧ (A|b) ∧ A = (A(2)|(a ∧ b)) ∧ A

(A|B)(p) = A(p)|B(p), (Aq)(p) = (A(p))q

(
1

2
A∧
∧B)(2) =

1

2
A(2)∧

∧B(2)

n = 4, (A(2))(2) =
1

8
A∧
∧A∧

∧A∧
∧A = 3(det A)I(4)

n = 4, (IcA)(2) = (AbIT )(2) = AA− 1

2
(A ∧A)bI(2)T , A ∈ E2
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Unit dyadics

I(2) = (
∑

eiεi)
(2) =

∑
i<j

eijεij

I(p) = (
∑

eiεi)
(p) =

∑
eJεJ , J = {i1i2 · · · ip}, i1 < i2 · · · < ip

I(n) = eNεN =
kNκN

kN |κN

I(2)|(a ∧ b) = (I|a) ∧ (I|b) = a ∧ b

I(p)|(a1 ∧ a2 ∧ · · · ∧ ap) = a1 ∧ a2 ∧ · · · ap

tr(I(p)) = I(p)||I(p)T = Cn
p =

n!

p!(n − p)!

tr(A∧
∧B) = (A∧

∧B)||I(2)T

I∧∧A = (trA)I(2) − I(3)bbAT

I(n)bbI(n−p)T = I(p), 0 < p < n

I(p)bbI(q)T =
(n − p + q)!

q!(n − p)!
I(p−q), q < p ≤ n

n = 3, I(2) = e12ε12 + e23ε23 + e31ε31, I(3) = e123ε123

n = 4, I(2) = e12ε12 + e23ε23 + e31ε31 + (e1ε1 + e2ε2 + e3ε3)
∧
∧e4ε4

n = 4, I(3) = e123ε123 + (e12ε12 + e23ε23 + e31ε31)
∧
∧e4ε4

n = 4, eNbI(2)T = I(2)ceN = (eNbI(2)T )T = (I(2)ceN)T

= e12e34 + e23e14 + e31e24 + e14e23 + e24e31 + e34e12

n = 4, I(2)bbIT = 3I, I(3)bbIT = 2I(2), I(3)bbI(2)T = 3I

n = 4, I(4)bbIT = I(3), I(4)bbI(2)T = I(2), I(4)bbI(3)T = 3I

Multivectors and unit dyadics

(a ∧ b)bIT = ba− ab = −Ic(a ∧ b) = (Ic(a ∧ b))T

(a ∧ b ∧ c)bIT = (a ∧ b)c + (b ∧ c)a + (c ∧ a)b = I(2)c(a ∧ b ∧ c)

(a ∧ b ∧ c)bI(2)T = a(b ∧ c) + b(c ∧ a) + c(a ∧ b) = Ic(a ∧ b ∧ c)

(a ∧ b ∧ c ∧ d)bIT = −I(3)c(a ∧ b ∧ c ∧ d)

= d ∧ ((a ∧ b)c + (b ∧ c)a + (c ∧ a)b) − (a ∧ b ∧ c)d

(a ∧ b ∧ c ∧ d)bI(2)T = (a ∧ b)(c ∧ d) + (c ∧ a)(b ∧ d) + (b ∧ c)(a ∧ d)

+(a ∧ d)(b ∧ c) + (b ∧ d)(c ∧ a) + (c ∧ d)(a ∧ b) = I(2)c(a ∧ b ∧ c ∧ d)

6



= {(b ∧ c)a + (c ∧ a)b + (a ∧ b)c} ∧ d− d ∧ {a(b ∧ c) + b(c ∧ a) + c(a ∧ b)}

(a ∧ b ∧ c ∧ d)bI(3)T = −Ic(a ∧ b ∧ c ∧ d)

= (a(b ∧ c) + b(c ∧ a) + c(a ∧ b)) ∧ d− d(a ∧ b ∧ c)

I(2)ceN =
∑

eijεijceN =
∑

(−1)i+j−1eijeK(ij), i < j

(A ∧B)bIT = A ∧ IcB + B ∧ IcA = −I(3)c(A ∧B), A,B ∈ E2

Ic(A ∧B) = AbIT ∧B + BbIT ∧A = −(A ∧B)cI(3)T

(A ∧B)bI(2)T = AB + BA− (AbIT )∧∧(BbIT ) = I(2)c(A ∧B)

1

2
(A ∧A)bI(2)T = AA− (AbIT )(2) =

1

2
I(2)c(A ∧A)

AT |(ΦbA) = Φ|A(2)bIT , A ∈ E1F1, Φ ∈ F2

a ∧ (kNbIT ) = kNa, ( IckN) ∧ a = akN a ∈ E1

A ∧ (kNbI(2)T ) = kNA, ( I(2)ckN) ∧A = AkN , A ∈ E2

n = 3, A ∧ IcB + B ∧ IcA = 0, AbIT ∧A = 0

n = 3, (AbIT )∧∧(BbIT ) = AB + BA, (AbIT )(2) = AA

n = 4, (AbIT )∧∧(BbIT ) = AB + BA− (A ∧B)bI(2)T

n = 4, (AbIT ∧B + BbIT ∧A) ∧ a = a(A ∧B)

n = 4, (εNbA)b(AbIT ) = −εN |(A ∧A)IT

Double multiplications

tr(A∧
∧B) = (trA)(trB) − tr(A|B)

(A∧
∧B)|(C∧

∧D) = (A|C)∧∧(B|D) + (A|D)∧∧(B|C)

tr((A∧
∧B)|(C∧

∧D)) = (A∧
∧B)||(C∧

∧D)T =

= (A||CT )(B||DT ) + (A||DT )(B||CT ) − (A|D)||(B|C)T − (A|C)||(B|D)T

(A∧
∧B)bbCT = (A||CT )B + (B||CT )A − A|C|B − B|C|A

A(2)bbBT = (A||BT )A − A|B|A

A(2)bbIT = (trA)A − A2, I(2)bbAT = (trA)I − A

(A∧
∧B∧

∧C)bbDT = (A∧
∧B)(C||DT ) + (B∧

∧C)(A||DT ) + (C∧
∧A)(B||DT )

−A∧
∧(B|D|C + C|D|B) − B∧

∧(C|D|A + A|D|C) − C∧
∧(A|D|B + B|D|A)

A(3)bbBT = (A||BT )A(2) − A∧
∧(A|B|A)
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A(3)bbIT = (trA)A(2) − A∧
∧A2, I(3)bbAT = (trA)I(2) − I∧∧A

I(3)bb(A∧
∧B)T = tr(A∧

∧B)I − (A∧
∧B)bbIT

= (trA)(trB)I − tr(A|B)I − (trA)B − (trB)A + A|B + B|A

I(3)bbCT = (trC)I − CbbIT , C ∈ E2F2

(A∧
∧B∧

∧C∧
∧D)bbET =

(A∧
∧B∧

∧C)(D||ET ) + (A∧
∧B∧

∧D)(C||ET ) + (A∧
∧C∧

∧D)(B||ET ) + (B∧
∧C∧

∧D)(A||ET )

−(A∧
∧B)∧∧(C|E|D + D|E|C) − (A∧

∧C)∧∧(B|E|D + D|E|B) − (A∧
∧D)∧∧(B|E|C + C|E|B)

−(B∧
∧C)∧∧(A|E|D + D|E|A) − (B∧

∧D)∧∧(A|E|C + C|E|A) − (C∧
∧D)∧∧(A|E|B + B|E|A)

A(4)bbBT = (A||BT )A(3) − A(2)∧
∧(A|B|A)

A(4)bbIT = (tr A)A(3) − A(2)∧
∧A2, I(4)bbAT = (tr A)I(3) − I(2)∧∧A

I(4)bb(A∧
∧B)T = tr(A∧

∧B)I(2) − ((A∧
∧B)bbIT )∧∧I + A∧

∧B

I(4)bbCT = (trC)I(2) − (CbbIT )∧∧I + C, C ∈ E2F2

I(4)bb(A∧
∧B∧

∧C)T = tr(A∧
∧B∧

∧C)I − (A∧
∧B∧

∧C)bbI(2)T

I(4)bbDT = (trD)I − DbbI(2)T , D ∈ E3F3

A(p+1)bbA−1T = (n − p)A(p), A ∈ E1F1

A(p)∧
∧I(n−p) = (tr A(p)) I(n)

A(p)bbI(p−1)T = (I(p)bbA(p−1)T )|A, p > 1

I(p+1)bbA(p)T = (trA(p))I − (I(p)bbA(p−1)T )|A, p > 1

= (trA(p))I − (trA(p−1))A + (trA(p−2))A2 − · · · + (−A)p

0 = (trA(n))I − (trA(n−1))A + (trA(n−2))A2 − · · · + (−A)n
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Inverse dyadics

(A|B)−1 = B−1|A−1, detA = trA(n)

(A(p))−1 = (A−1)(p) = (def) A(−p), 1 < p < n,

A−1 =
I(n)bbA(n−1)T

detA
, A ∈ E1F1

A−1 =
κNκNbbA(n−1)T

κNκN ||A(n)
, A ∈ E1E1

A(−p) =
I(n)bbA(n−p)T

det A
, A ∈ E1F1

A(−p) =
κNκNbbA(n−p)T

κNκN ||A(n)
, A ∈ E1E1

(eNbI(p)T )−1 = (−1)p(n−p)εNbI(n−p)

(A + aα)−1 = A−1 − A−1|aα|A−1

1 + α|A−1|a
, A ∈ E1F1

(C + AB)−1 = C−1 − C−1|AB|C−1

1 + B|C−1|A
, C ∈ E2E2

n = 4, (AbIT )−1 = −2(εNbA)bI /(εN |(A ∧A))

n = 4, (A + e4a + be4 + ce4e4)
−1 = A−1 +

(A−1|b− ε4)(a|A−1 − ε4)

c − a|A−1|b

n = 4, (A + e4α + bε4 + ce4ε4)
−1 = A−1 +

(A−1|b− e4)(α|A−1 − ε4)

c − α|A−1|b

n = 4, det(A + e4α + bε4 + ce4ε4) = e123|(cA(3)T − A(2)T∧
∧αb)|ε123

n = 3, C−1 =
1

DetC
(CT ccI(3))(2), C ∈ E2F2,

n = 3, Det C = det(CT ccI(3)) = (CT ccI(3))(3)||I(3)T , C ∈ E2F2
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Metric and Hodge dyadics

3D Euclidean space

GE = e1e1 + e2e2 + e3e3, ΓE = G−1
E = ε1ε1 + ε2ε2 + ε3ε3

G
(2)
E = e12e12 + e23e23 + e31e31, ΓE

(2) = ε12ε12 + ε23ε23 + ε31ε31

G
(3)
E = e123e123, Γ

(3)
E = ε123ε123

HE1 = H−1
E2 = e12ε3 + e23ε1 + e31ε2 = e123bΓE = G

(2)
E cε123

HE2 = H−1
E1 = e1ε23 + e2ε31 + e3ε12 = GEcε123 = e123bΓ(2)

E

ei ∧ HE2 = HE1 ∧ εi

a ∧ HE1|b = e123(a|ΓE|b), A ∧ G
(2)
E |B = e123(A|Γ(2)

E |B)

4D Minkowski space

GM = GE − e4e4, ΓM = ΓE − ε4ε4

G
(2)
M = G

(2)
E − GE

∧
∧e4e4, Γ

(2)
M = Γ

(2)
E − ΓE

∧
∧ε4ε4

G
(3)
M = G

(3)
E − G

(2)
E

∧
∧e4e4, Γ

(3)
M = Γ

(3)
E − Γ

(2)
E

∧
∧ε4ε4

G
(4)
M = −G

(3)
E

∧
∧e4e4, Γ

(4)
M = −Γ

(3)
E

∧
∧ε4ε4

HM1 = e4 ∧ HE1 + e123ε4 = e1234bΓM

HM2 = −H−1
M2 = −HE1 ∧ ε4 − e4 ∧ HE2 = e1234bΓ(2)

M

HM3 = H−1
M1 = HE2 ∧ ε4 + e4ε123 = e1234bΓ(3)

M

HM3|HM1 = I, HM1|HM3 = I(3)

Medium dyadics

3D Euclidean space

D = ε|E + ξ|H, B = ζ|E + µ|H

Hodge dyadics ε, µ, ξ, ζ ∈ F2E1

Inverses ε−1, µ−1, ξ−1, ζ−1 ∈ F1E2

e123bD = εg|E + ξg|H, e123bB = ζg|E + µg|H

Metric (“Gibbsian”) dyadics εg, µg, ξg, ζg ∈ E1E1

Inverses ε−1
g , µ−1

g , ξ−1
g , ζ−1

g ∈ F1F1

Relations εg = e123bε, ε = ε123bεg, etc

Inverse relations ε−1 = ε−1
g ce123, ε−1

g = ε−1cε123, etc
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4D Minkowski space (N = 1234)

Ψ = M|Φ, Φ = M−1|Ψ

Hodge dyadics M, M−1 ∈ F2E2,

eNbΨ = Mg|Φ, eNbΦ = (eNeNbbM−1
g )|Ψ

Metric (“modified”) dyadics Mg, (eNeNbbM−1
g ) ∈ E2E2, M−1

g ∈ F2F2

Relations Mg = eNbM, M = εNbMg

Inverse relations M−1 = M−1
g ceN , M−1

g = M−1cεN

Bi-anisotropic medium

M = α + ε
′ ∧ e4 + ε4 ∧ µ−1 + ε4 ∧ β ∧ e4

ε
′
= ε − ξ|µ−1|ζ, α = ξ|µ−1, β = −µ−1|ζ

ε = ε
′ − α|µ|β, ξ = α|µ, ζ = −µ|β

Mg = εg
∧
∧e4e4 − (e123bIT + e4 ∧ ξg)|µ−1

g |( Ice123 − ζg ∧ e4)

= −e123e123bbµ−1
g − e4 ∧ ξg|µ−1

g ce123 + e123bµ−1
g |ζg ∧ e4 + (εg − ξg|µ−1

g |ζg)
∧
∧e4e4

ε
′
= ε123b(εg − ξg|µ−1

g |ζg), µ = ε123bµg

α = ε123b(ξg|µ−1
g )ce123, β = −µ−1

g |ζg

M = ε123bεg ∧ e4 + (ε123bξg + ε4 ∧ IT )|µ−1
g |( Ice123 − ζg ∧ e4)

M−1 = α1 + ε
′
1 ∧ e4 + ε4 ∧ µ−1

1 + ε4 ∧ β1 ∧ e4,

ε′1 = −(µ−1 − β|ε′−1|α)−1,

µ−1
1 = −(ε

′ − α|µ|β)−1,

α1 = µ|β|µ−1
1 = (α − ε

′|β−1|µ−1)−1,

β1 = ε
′−1|α|ε′1 = (β − µ−1|α−1|ε′)−1

eNeNbbM−1
g = −µg

∧
∧e4e4 + (e123bIT − e4 ∧ ζg)|ε−1

g |(Ice123 + ξg ∧ e4)

= e123e123bbε−1
g − e4 ∧ ζg|ε−1

g ce123 + e123bε−1
g |ξg ∧ e4 − (µg − ζg|ε−1

g |ξg)
∧
∧e4e4

11


