Multivector and Dyadic Identities

[.V. Lindell

Upgraded August 15, 2006

This collection of identities is an upgraded Appendix A of the book Differential Forms
in Electromagnetics, (Wiley and IEEE Press, 2004) by this author. Notation follows that
of the book. Where not otherwise stated, n is the dimension of the vector space and p, g
are numbers in the range 0...n.

Notation

vectors a,b,c,... € K, dual vectors «,3,7,... € F;
bivectors A,B,C, ... € E;, dual bivectors ®,W¥, T, ... € Fy
p—vectors a’ bf ... € E,, dual p—vectors o”,3",... € F,

p—index J = i1i9- -1y, N =123---n, ay=a Aaz---Na, cE,
n!

dimension of p — vectors "' = ———— =(C"
b AT

vector basis ej,es, ...,e, € E;, reciprocal dual — vector basis €1, €,,...,&, € [F}
dyadics K, E, .. € ElFl, iT,§T7 .. € FlEl
metric dyadics K, E, .. € E1Eq, i ﬁ, ... € FiIFy

Multivectors

Multiplication

a’|la? = af|a? € K,

a? A\b?=(-1)""b'Na’ €E,,, =0forp+qg>n
p>gq, a|al= (-1 a’ cE,_,
p=q+r, (a"a’)|B" =a’|(a’ A ")
p>q+r  (a’a’)][B8" =a’|(a’ N B)



Reciprocal bases

eile; = gjlei = 0
exiy =€ NexN---ANe_1ANe N Ne, €K,
e =eNex A~ ANej_tANeg i A~ ANej_1ANej N Ne, €y
ev=e A---ANe,=(—1)"te; A ex(i) = (—1)”’ieK(i) Ae;
exlei = (—1)'exw, enlexwm = (—1)" e
enlei; = (1) exqp,  enlex) = (1) ey
(a]ey) Na = (ala)ey,
exl(a’]ey) =a”, ex[(en|a’) = (=1)P" Pa’
n=4, eyl|(ezla’)=a’ANes,, p<3
n=4, eyl(a]®)=—-aA(ey|®), ®cF,
n=4, eyl(e;Na)=(-1)"exy|la

Bivector products

(aAb)|(an B) = (ala)(b|B) — (a|B)(b|a)
(anb)[(aAB)=al{b](anpB)} ={(aAb)la}|3
(aAb)|a =Db(aja) — a(bla) = (ba — ab)|a = —a](a A b)
an(@(BAy))=—(a](Bry)Na=al(arBAy)—(ala)(BAT)

Bac cab rules

al(bAc)=Db(alc) —c(alb) =(cAb)|a
al/(bAC)=bA (a]C)+ C(alb)=(CAb)|la, CEecE,
a/BAC)=BA(a]C)+CA(a|]B)=—-(BAC)|la, B,CcE,
AJ(BAT) = B(AIT) + T[(A8), A€E,TeR,
al(b” Ac?) =b? A (a]c?) + (—1)"c? A (] bP)
(A B))(BAC) = B(aw A B)|C + Cla A BB + (B]B) A (@] C) + (]C) A (aB)
(A B)](B” A cf)
— (BP[( A B)) Act+ P A (@A B)]c?) + (a]b?) A (1]8) — (BIb) A (<@



Trivector products
(anbAc)(anBAy)=((@arbAc)la)l(BAy) =cal((arbAc)[(BAY))
=al(a(bAc)+b(cAa)+clanb)|(BAY)
= (ala)(b A )I(ﬁAv) (al (BAY)l(af(bAc))

(aAC)[(aAT) = (a|a)(C|T) — (a])|(eC)
(aAbAc)la={(aAb)c+ (bAc)a+ (cAa)b}a
(aAbAc)[I'={a(bAc)+b(cAa)+c(anb)l’

n=4, ANV[A) = (a]A) v+ (any)[A, veF; Ak,

n=4, aA(ey|k)=ey|(alk), ke L,

Quadrivector products

(aAbAcAd)|(aANBAYAS) =((aAbAcAd)|a)|(BA~YAS)
=al(a(bAcAd)—b(cAdAra)+c(dAraAnb)—danbAc))|(BAyAS)
(aAnbAcAd)la=dA((bAc)a+(cAa)b+ (aAb)c)a—(aAbAc)(dla)
(aAbAcAd)[(BAYAD) =
= (((a(bAc+b(cAha)+clanb))Ad—d@aAbAc))|(BA~AS)
(aAbAcAd)|(aABAYAS) =(yAd)|(aAbAcAd)|(aApB))
=y Ad)|((anb)(cAnd)—(anc)(bArd)+ (and)(bAc)
+(Ac)and)—(bAad)(arc)+ (cAnd)(anb))(aApB)
(anbAcAd)|[(anB)=(((bAc)a+ (cAa)b+ (aAb)c)Ad)|(aApB)
—(dA(a(bAc)+b(cAa)+clanb)))(anpB)

Special cases for n =3
a(bAcAd)—b(chdAra)+c(dranb)—d(aAbAc)=0
(a(bAc)+b(cAa)+ C(a/\b))/\d:d(a/\b/\c)
((aAb)c+ (cha)b+ (bAc)a)Ad=dA (a(bAc)+Db(cAa)+c(anb))
((anb)|r) A ((bAc) k) = (J k)((anbAc)lk), kel

Quintivector products

alj(anbAcAndAe)=allalbAcAdAre)—baAcAdAe)
+c(aAbAdAre)—d(aAbAcAe)+elaAbAcAd))
=(aj(aAbAc))A(dAe)+(aAbAc)A (al(dAe))
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Special cases for n =4

albAcAdAe)—blaAcAdAe)+claAbAdAe)
—d(aAbAcAe)+e(aAbAcAd)=0
(((a(bAc)+b(cha)+clanb))Ad)—d(aArbAc)) Ae+e(aAbAcAnd)=0
(aJ(aAbAc))AN(dANe)=—(aAbAc)A(a](dAe))

p-vector rules

p
(A Aag A+ Aay)|a=(—1)"af(a; Ahag A+ Aa,) = Z(—l)i_laiaKp(i)
i=1

ag,iy =a N NaaNaa A Aay

(a”]en)|(a”|en) = a”|a”

Dyadics
Basic rules

ao € Elﬂ?l, ab e ElEl, (aa)T =Qoac FlEl, a,B € Flﬂ?l

A= g a;; = a0 + asay + -+ - + a, o,

Double-bar products
(ac)||(bB)" = (acx)||(Bb) = (a|B)(b|er)

tr A = trZaiai = Zaﬂai = KHTT

Al[B" = BJIA” = u(A[B) = (A[B)/I"



Double-wedge products

(ac)R(bB) = (a

== 1
A® — §AQA =3 Zalalﬁ Zajaj = Z:(aZ Aaj)(a; N ay) = Zawal]
1<j 1<J
= 1= = Isl= =
A(”):—'AQAQ .QA:g ARGy s=0p
p!

K(n) = ayoy = A123.,Q123..n = (An|an)eyey = (det K)T(n)
(Ala) A (Alb) = A®|(a A b)

(Nal) A (K|a2) S A (K]ap) = K(p)](al NagA---Aay)



Unit dyadics

i(Q) = (Z eisi)(Q) = Zeijsij

1<J
T(p) = (Zeisi)(p) = ZGJ€J, J = {ilig"'ip}, il < 22 < ip
T(n) _ . kyky
[ = enNEN =
kN|K,N

= 2 :3
n =3, 1@ = €12€12 + €93€23 + €31€31, 1) = €123€123

T2 A
n =4, 12 = €12€12 + €23€93 + €31€31 + (€161 + €2€2 + e3€3)ne4€y
4 ® = A
n =4, = €123€123 1 (€12€12 + €323 + €31€31)n€4E4
12T _ (2 H2)T\T T2 T
n =4, eNLI( T (¢ )jeN = (eNLI( ) ) = (I( )JeN)
= €19€34 + €93€14 + €31€24 + €14€23 + €24€3] + €34€12

n=4, 1O =3, ®"=2®, [®@T_=3

n=d4, IO[T=1® JO|[T Zj)  J@| e Z 3

)

Multivectors and unit dyadics

(aAb)[I” =ba—ab=—I|(aAb) = (I/(aAb))”
(aAbAc)|I” =(aAblc+ (bAcla+(chab=1?|arbAc)
(aAbAC)|I@T =abAc)+b(cra)+clanb)=1](aAbAc)

@arbAcAd)|T =-1¥](aAbAcAd)
=dA((aAb)c+ (bAc)a+ (cAa)b)—(aAbAc)d
(aAbAcAd)|I@T = (arb)cAd)+(cra)(bAad)+ (bAc)(and)
+@and)(bAc)+ (bAad)(cha)+ (cAd)(anb)=1?](aAbAcAd)
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={(bAc)a+(cha)b+(aAb)c};Ad—dA{a(bAc)+b(cAha)+claAb)}

@AbAcAd)|I®T = —[|(arbAcAd)
=(a(bAc)+b(cha)+clanb))Ad—d(aAbAc)
T(Q)JGN = ZeijsijJeN = Z(—l)i+j’1eije;<(ij), Z < j

(AAB)|I" =AAIB+BAIA=-1®(AAB), A,BEcE,
[ (AAB)=A|[I" AB+B|[I" AA = —(AAB)|I®7

(AAB)|[1®7 = AB +BA — (A|[ID)AB|I7) =1?|(A A B)
%(A AAYTOT = AA — (A[T)® = %T@) J(AAA)

AT|(®|A) = BAD|IT, AcEF, ®cF,
a A (ky|l")

A A (k|17

kNa, (TJkN)/\a:akN ae]E1

kyA, (1P]ky)AA=Aky, AE€E,
n=3 AAB+BAIA=0, A[l"AA=0

n=3, (A[MAB|I")=AB+BA, (A[I")® =AA
n=4, (A[I"AB|I") = AB+BA — (A AB)[1?7
n=4, (A" AB+B|I"’ AA)ra=a(AAB)

n=4, (ex|A)[(A[I") = —en|(AAA)T

Double multiplications

(
tr((A%B)|(CAD)) = (AAB)||(CAD)" =
= (AJ[CT)(B|D") + (A||D™)(BJ|C") — (AID)[|(BIC)” — (A|C)||(BID)”
(AAB)|C" = (AI[C")B + (BJ|IC")A — A|C|B — BIC/A
A®)||B” = (A|[B")A — A[BIA
AD |17 = (ttA)A — A2, (@A = (A — A
(AABAC)|[D” = (ANB)(C|ID”) + (BAC)(A[[D”) + (CAA)(BJ[D”)
—AX(BID|C + C|D|B) — BA(C|D|A + A|D|C) — CA(A|D|B + B|D|A)
A@|[BT = (A|[B")A® — AN(A[B|A)



]| = (&C) = C|[I”, CeRF,
(AABACAD)|[E" =
(AABAC)(D|[EY) + (AABAD)(C||ET) + (AACAD)(B||E”) + (BACAD)(AJ[ET)
A(CIED + DIFIC) — (AXC)A(BIEID + DIE[B) — (AD)A(B]
A(A[E[D + D|E|A) — (BAD)A(A[EIC + C|E|A) — (CAD)A(A|
AW[[B = (AI[BT)A® — A®\(A[B[A)
AD (|17 = (tr AA® —A@NA2 W[ |AT = (tr AN®) — TD0A
1O [(AAB)" = tr(ARB)I® — ((AAB)L[I")AT+ AAB

R0 |[RT = (n— p)A®, R EF,

i(p)ﬂ(nfp) = (tr i(p)) [()

A® | [10-DT — (0| [AC-DT) A, p>1

[+ | AP = ((rAW)i — (0] |[AC-VT)A, p>1

= (trA®)] — (trAPD)A + (trAP2)A2 — ... 4 (—A)P

0 = (trAM™) — (trAT DA + (rACD)AZ — .. 4 (~A)"



Inverse dyadics

(AB)"' =B'[A™!,  detA = trAM™

(APH = (A = (def) AP, 1 <p<m,

%1 ™ | [A(=DT

= ) Ac E Iy
detA
_ An-DT
LA LA G R o
HNHN||A(n)
— 1] |A-pT  —
A=P) ™LA ——, AceEF
det A
— A(n—p)T —
Ao - Bl AV R g
I{NI{NHA(n)
(en [IPT)~1 = (—1)P=P)g | [(n=)
= = Kil Kil =
(A + aa)_l = A_l - |a(i| , Ae ]ElFl
1+ alA-la
= =, CYAB[C' =
(C+AB)'=C"'— %, C € E;E,
1+ B|C1A

n=4, (A[I")™ =—2(en|A)[l /(en|(ANA))
(A'b — e)(alA™! — &)
c—alA-lb

n =4, (K + eja+ bey +ceqey) ! = Al +

(A-Yb — e))(alA ! — &)

n =4, (K +esa+bey+cee,) t =AT 4

c— alA-1b
n = 4, det(i +esox + b€4 + 68484) = 8123|<CK(3)T — K(Q)Txabﬂé'lgg
= 1 = = =
n=3 C'=—"=(C"]I®)® CecEyF,,
DetC

n=3, DetC=det(C"||I®) = (CT|[I®[BT T eE,F,



Metric and Hodge dyadics

3D Euclidean space

Gg = e1e; + exey + eses, =G, =161 + €26y + €363
G _ F 2) _
g = €12€12 1 €23€23 + €31€31, = €12€12 1+ €23€23 + €31€31

3 3 _
G’ = erg3€123, &’ = €123€123

Ho = AL T _C®

He1t = Hpy = e10e3 + €31 + e3160 = €193 [w = G’ | €193

Heo = Hyp = €163 + e0e31 + €310 = G le123 = eo3| [

Ci /\ﬁEQ = ﬁEl N E;
aAHelb = es(allsb), ANGY B =ews(All|B)

4D Minkowski space

Gu = G — ejey, T = s — €464
G =G —Cuewer, T =T ~Tuleses

G =G — GPheses, T =TV —TPheses
4

E&B = —Eg’)ﬁew% E(\i) = _?1(33)Q€4€4
Hui = €4 A HEl + €12384 = €123 [F
Huo = —H;,Ilg = _HEl NeEy— ey N HE2 = €1234 Lrg)

= = = =(3
Hys = HMl1 =Hgo N €4 + €48123 = €193 |_rl(\/l)

Il

M3|HM1 = L HMI‘HM:S = i(g)

Medium dyadics

3D Euclidean space

—e\E—i—f]H B = C\E+M|H
Hodge dyadics &, 7, £,¢ € FoE,
Inverses € ', 1! E E’l c FE,

ens| D =6|E+{,H,  enB=(|E+7,H
Metric (“Gibbsian”) dyadics €, i, Eg, Eg € E.\E,
=—1 =-1 Z7-1 -1
Inverses €,°, u,, &, ¢, € Fily

Relations €, = ej3|€, €= eia3|¢,, etc

Inverse relations € ' = Eg_ljelgg, Eg_l = E_ljelgg, etc
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4D Minkowski space (N = 1234)

T=M®& &=M"!T
Hodge dyadics ﬁ, M- ¢ FoEs,

ENL‘Il:Mg’(I)a ey|® = (eNeNHM;)’\II

Metric (“modified”) dyadics M,, (eNeNuﬁg_l) € EyE,, ﬁ;l € FylFy

Relations

Inverse relations M~} = M, Jen, M

Bi-anisotropic medium

= —€193€123 LLﬁ;l — €y A Eglﬁg_lJeH?; + €123 Lﬁ;1|zg A €4 + (Eg - §g|ﬁ;1|5g)ﬁe4e4
g:€123t(€g f |Ng1K ), ﬁ:€123Lﬁg
a= €123 L(§ |ﬁg_ )Je123a ﬁ = _:ug 1|€

M = 8123L69 A\ ey + (8123'_6 + &4 N |T)’/Lg1‘< |J6123 —C A\ 64)

ML =T +& Aes+es ATip +ei A By Ae,
G =@ - B @,

it =@ —amn

Al = @ E

V= EER = @ -T A

el
||

=

eNeNH_Mg_l = —ﬁgﬁe4e4 + (6123 UT — €4 A\ E )|€_1|(” €123 + Eg A 84)

= 91239123H€;1 —eg A\ Zg|€ 'eigs + e123L |§ Ney— (1, — ZHE;IEQ)Q%&L
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