
Chapter 1

Complex vectors

Complex vectors are vectors whose components can be complex numbers.
They were introduced by the famous American physicist J. WILLARD
GlBBS, sometimes called the 'Maxwell of America', at about the same
period in the 1880's as the real vector algebra, in a privately printed but
widely circulated pamphlet Elements of vector analysis. Gibbs called these
complex extensions of vectors 'bivectors' and they were needed, for ex-
ample, in his analysis of time-harmonic optical fields in crystals. In a
later book compiled by Gibbs's student WILSON in 1909, the text reap-
peared in extended form, but with only few new ideas (GlBBS and WILSON
1909). Thenceforth, complex vectors have been treated mainly in books
on electromagnetics in the context of time-harmonic fields. Instead of a
full application of complex vector algebra, the analyses, however, mostly
made use of trigonometric function calculations. As will be seen in this
chapter, complex vector algebra offers a simple method for the analysis of
time-harmonic fields. In fact, it is possible to use many of the rules known
from real vector algebra, although not all the conclusions. Properties of
the ellipse of time-harmonic vectors can be seen to be directly obtainable
through operations on complex vectors.

1.1 Notation

As mentioned above, complex vector formalism is applied in electromag-
netics when dealing with time-harmonic field quantities. A time-harmonic
field vector F(t), or 'sinusoidal field' is any real vector function of time t
that satisfies the differential equation

^ F « + u,2F(t) = 0. (1.1)

A general solution can be expressed in terms of two constant real vectors
Fi and F2 in the form

F(t) = F1 cosutt 4- F2 smtot. (1.2)
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The complex vector formalism can be used to replace the time-harmonic
vectors provided the angular frequency UJ is constant. There are certain
advantages to this change in notation and, of course, the disadvantage
that some new concepts and formulas must be learned. The main bulk
of formulas, however, is the same as for real vectors. As an advantage,
in using complex vector algebra, work with trigonometric formulas can be
avoided, and the formulas look much simpler.

The complex vector f is defined as a combination of two real vectors,
fre the real part, and fim the imaginary part of f:

f = fre+jfim- (1.3)

The subscripts re and im can be conceived as operators, giving the real
and, respectively, the imaginary parts of a complex vector.

The essential point in the complex vector formalism lies in the one-
to-one correspondence with the time-harmonic vectors f <-+ F(t). In fact,
there are two mappings which give a unique time-harmonic vector for a
given complex vector and vice versa. They are:

f -> F(t) : F(t) = R{f e*1*} = fre coso;* - fim sinu/i, (1.4)

F(t) -> f : f = F(0) - JF(TT/2U>) = F t - j F 2 . (1.5)

Thus, for the two representations (1.2) and (1.3) we can see the correspon-
dences fre = Fi and fim = —F2.

The mappings (1.4), (1.5) are each other's inverses, as is easy to show.
For example, let us insert (1.4) into (1.5):

f = 5R{fe0} - jfft{f j*>2} = fre + jfim, (1.6)

which results in the identity f = f.
It is important to note that there always exists a time-harmonic coun-

terpart to a complex vector whatever its origin. In fact, in analysis, there
arise complex vectors, which do not represent a time-harmonic field quan-
tity, for example the wave vector k or the Poynting vector P . We can,
however, always define a time-harmonic vector through (1.4), maybe lack-
ing physical content but helpful in forming a mental picture.

A time-harmonic vector F(t) = F\ cosuft -f F2 s'mcut traces an ellipse in
space, which may reduce to a line segment or a circle. This is seen from
the following reasoning.

• If Fi x F 2 = 0, the vectors are parallel or at least one of them is a
null vector. Hence, F(t) is either a null vector or moves along a line
and is called linearly polarized (LP).
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• If Fi x F2 ^ 0, the vectors define a plane, in which the vector F(t)
rotates. Forming the auxiliary vectors b = Fi x (¥% x F2) and
c = F2 x (Fi x F2), we can easily see that the equation (b • F(i))2 -f
(c • F(£))2 = |Fi x F2 |4 is satisfied. This is a second order equation,
whose solution F(£) is obviously finite for all t1 whence the curve it
traces is an ellipse.

• The special case of a circularly polarized (CP) vector is obtained,
when |F(t)|2 = F? cos2 ut + F | sin2 ut + Pi • F2 sin 2vt is constant for
all t. Taking t = 0 and t = TT/2O; gives Pj = P | , which leads to the
second condition Fi • F 2 = 0.

Thus, to every complex vector f there corresponds an ellipse just as for
every real vector there corresponds an arrow in space. The real and imag-
inary parts fre, fim both lie on the ellipse. fre equals the time origin value
and is called the phase vector of the ellipse. The direction of rotation of
F(t) on the ellipse equals that of fim turned towards fre in the shortest way.
A complex vector which is not linearly polarized (NLP) has a handedness
of rotation, which depends on the direction of aspect. The rotation is right
handed when looked at in a direction u (a real vector) such that fjm x fre • u
is a positive number and, conversely, left handed if it is negative.

An LP vector must be represented by a double-headed arrow (infinitely
thin ellipse), which is in distinction with the one-headed arrow represen-
tation of real vectors. The difference is of course due to the fact that the
time-harmonic vector (1.2) oscillates between its two extremities.

The complex conjugate of a complex vector f, denoted by f*, is defined
by

f*=(f re4-jfJm)*=fro-jfim- (1.7)

Prom (1.4) we can see that f* corresponds to the time-dependent vector
F(—£), or it rotates in the opposite direction along the same ellipse as f (£).

The complex vector f is LP if and only if fre x fim = 0. This is equivalent
with the following condition:

f is LP & f x f* = 0. (1.8)

The corresponding condition for the CP vector is

f i sCP <=> f . f = O. (1.9)

In fact, (1.9) implies that f2e = tfm and fre • fim = 0, which is equivalent
with the CP property of the corresponding time-harmonic vector, as was
seen above.
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Every LP vector can be written as a multiple of a real unit vector u
in the form f = cm. Every CP vector f can be written in terms of two
orthogonal real unit vectors u, v in the form f = a(u + jv). In these
expressions a is a complex scalar, in general.

1.2 Complex vector identities

The algebra of complex vectors obeys many of the rules known from the real
vector algebra, but not all. For example, the implication a«a = 0 ==> a = 0
is not valid for complex vectors. To be more confident in using identities
of real vector algebra, the following theorem appears useful:

all multilinear identities valid for real vectors are also valid for
complex vectors.

A multilinear function F of vector arguments ai, a2,... is a function
which is linear in every argument, or the following is valid for i = 1 • • • n:

F(ai, a2,..., (aaj + /?a-')> •••> an) =

aF(ai,...,aj,..., an) + /3F(a1?..,aj', ...an). (1.10)

A multilinear identity is of the form

F(ai,..., an) = 0 for all a*, i = l...n. (1.11)

Now, if the identity is valid for real vectors a* and the function does not
involve a conjugation operation, from the linearity property (1.10) we can
show that it must be valid for complex vectors a* as well. In fact, taking
a = 1,0 = j , the identity is obviously valid if the real vector a* is replaced
by the complex vector a£ 4- ja". This can be repeated for every i and, thus,
all vectors a, can be complex in the identity (1.11). As an example of a
trilinear identity we might write

a x (b x c) - (a • c)b + (a • b)c = 0 for all a, b, c. (1.12)

Also, all non-linear identities which can be derived from multilinear
identities are valid for complex vectors, like a x a = 0 for all vectors a. The
conjugation operation can be introduced by inserting conjugated complex
vectors in multilinear identities. Thus, the identity

| a x b | 2 = | a | 2 | b | 2 - | a -b* | 2 , (1.13)

can be obtained from the real quadrilinear identity

(a x b) • (c x d) = (a • c)(b • d) - (a • d)(b • c), (1.14)
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with the substitution c = a*, d = b*. The absolute value for a complex
vector is defined by

|a|2 = a .a*. (1.15)

All implications that can be derived from identities are valid for complex
vectors if they are valid for real vectors. The basis for these is the null vector
property:

|a| = 0 & a = 0, (1.16)

which can be shown to be valid by expanding |a|2 = |are + ja.\m\2.
Two important, although simple looking theorems can be obtained from

vector identities:

a x b = 0 and a ^ O =» 3a, b = cva. (1.17)

a b - 0 and a / 0 =» 3c, b = c x a . (1.18)

(1.17) follows from the identity

a* x (a x b) - (a* • b)a - (a • a*)b, (1.19)

from which b can be solved. Correspondingly, (1.18) is obtained from

a x (a* x b) = (a • b)a* - (a • a*)b. (1.20)

As a consequence, from (1.17), (1.18) we see that the theorem

a x b = 0 and a b = 0 => a = 0 or b = 0, (1.21)

valid for real vectors, is not valid for complex vectors. In fact, assuming
|a| / 0 gives us either b = 0 or a is CP, which implies b is CP. A theorem
corresponding to (1.21) for complex vectors is the following one:

a x b = 0 and a b* = 0 =* a = 0 or b = 0, (1.22)

as can be readily verified from (1.17), (1.18).

1.3 Parallel and perpendicular vectors

For real vectors a, b there exist the geometrical concepts of parallel vectors
for a x b = 0 and perpendicularity for a • b = 0. Although the geometrical
content will be different, it is helpful to define parallelity and perpendicu-
larity with these same equations for complex vectors. This leads, however,
to the existence of vectors which are perpendicular to themselves, namely
the CP vectors.
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A complex vector b is parallel to a non-null vector a if there exists a
complex scalar a such that b = aa, as implied by (1.17). Let us denote
a = \eJe with real A,0, and A > 0. It is easy to see from the definition
(1.4) that if we have the correspondence

a <-* A(t), (1.23)

then we also have

Ae^a <-• AA(t + - ) . (1.24)

Thus, the magnitude of the ellipse is multiplied by the factor A and the
phase of the ellipse is shifted by 0/u). The form of the ellipse as well as
its axial directions arid sense of rotation are the same for parallel vectors.
Parallel vectors are said to have the same polarization.

The geometrical content of perpendicular complex vectors is more dif-
ficult to express. Let us find the most general vector b perpendicular to
a given non-null vector a. Obviously, if a is LP, or parallel to a real unit
vector u: a = au, b may be any vector in the plane perpendicular to u, or
of the form u x c.

For an NLP vector a there exists a real unit vector n satisfying n-a = 0,
which is normal to the ellipse of a. Writing b = (3n-\-ha with b a in the plane
of a, we see that /? may have an arbitrary complex value. The problem
is to find b a , which must also be perpendicular to a. From the identity
b a x (n x a) = n(b a • a) - a(b a • n), whose right-hand side vanishes, and
(1.17) we see that there must exist a scalar a such that b a = an x a.

Thus, the most general vector b perpendicular to a can be written as

b = /?n + M X a , with n • a = 0. (1.25)

The corresponding time-harmonic vector B(t) is easily seen to be a sum
of an LP vector along n plus an NLP vector in the plane of a, which is
obtained from a vector parallel to a rotated by TT/2 in its plane. The most
general b vector can be seen to lie on an elliptic cylinder, whose cross
section is the ellipse of b a . It is also easy to see that there exist vectors
orthogonal to a given vector a of any ellipticity, because we can obtain
ellipses with every axial ratio by cutting the elliptic cylinder with planes
of different orientations. In particular, the LP vector b is a multiple of n,
whereas the two CP vectors

h± — «(n x a db j\/a. • an ) , (1.26)
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are obtained from (1.25) with the CP condition b • b — 0.

Fig. 1.1 (a) Parallel complex vectors a and b. (b) Elliptic cylinder
construction of a vector b perpendicular to a given vector a. The projection

vector b a is parallel to n X a, where n is a real unit vector normal to a.

Any vector b can be written as

b=*^a- a X ( a X b ) . (1.27)
a • a a • a

This gives a decomposition of a vector b into parts parallel and perpendic-
ular to a vector a, and it is used in real vector algebra. Although (1.27)
is also valid for complex vectors, it fails when a is CP. A more practical
decomposition theorem is the following one:

b = ^ a * _ * x ( a * * b ) ,
a • a* a • a*

which splits the vector b into vectors parallel to a* and perpendicular to
a. This decomposition has the property of power orthogonality of its parts.
In fact, writing (1.28) b = bco -f b c r as respective terms, where bco is
the co-polarized part and hcr the cross-polarized part of the vector b with
respect to the vector a, we can write

|b|2 = |bco |2 + |b c r |
2 . (1.29)

The co-polarized component is thus parallel not to a but to a*. The def-
inition is needed, for example, in antenna theory when reception of an
incoming wave with the field vector E is considered with the polarization
match factor

n(h m - l h " E l 2 _ i _ ihxE*) 2
 n - m

n ' >~ (h-h*)(E-E*) (h-h*)(E-E*) ' { '

which tells us how well the polarization of the incoming field can be received
by an antenna with the effective length vector h. It is seen that only the


